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Notations

� We denote a sequence of vectors (x1, · · · ,xn) by x1:n.

� We denote by F(Rm,Rn) the set of measurable functions from Rm to Rn.

� Cartesian projection πi : Rd ∋ x = (x0, · · · , x1) → xi ∈ R and πi:j (x) = (πi (x) , · · · , πj (x)).

� P(Rd) the set of probability measures over the Borel sigma algebra on Rd, which we denote B(Rd).

� Given x ∈ Rd we define the dirac measure as

δx : B(Rd) ∋ A →

{
1 if x ∈ A

0 if x /∈ A
. (1)

� Given x1:n, we define the empirical (occupational) measure as

µ̂[x1:n] : B(Rd) ∋ A → n−1
n∑

i=1

δxi (A) . (2)

� For µ ∈ P(Rd) and f ∈ F(Rd,R) we denote µf =
∫
f(x)µ(dx).

� For µ ∈ P(Rd) and T ∈ F(Rd,Rm) we denote T#µ : B(Rm) ∋ A → µ(T−1(A)).

� We say that µ ≪ ν if for every A ∈ B(Rd), ν(A) = 0 ⇒ µ(A) = 0

� For µ, ν ∈ P(Rd)2, we define C(µ, ν) = {γ ∈ P(Rd × Rd)|π1:d#γ = µ , πd+1:2d#γ = ν}.

� We say that the function
Q : Rd × B(Rd) → R+ (3)

is a Markov kernel if

– For all x ∈ Rd, Q(x, ·) : B(Rd) → R+ is a probability measure,

– For all A ∈ B(Rd), Q(·,A) : Rd → R+ is measurable.

We define for µ ∈ P(Rd), the probability measure µQ(A) =
∫
Q(x,A)µ(dx).

� We define ΘN = Rd ×M≥0(Rd), where M≥0(Rd) is the set of positive definite d square matrices.

� For m,Σ we define

N (x;m,Σ) :=
1

(2π|Σ|)d/2
exp

(
− (x−m)

T
Σ−1(x−m)

2

)
.

We also define the measure

N (m,Σ) : A ∈ B(Rd) →
∫

1A (x)N (x;m,Σ) dx .
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1 Total variation distance

There exists two possible definitions of the total variation distance:

∥µ− ν∥TV := sup
An1:∞∈PN

∞∑
n=1

|µ(An)− ν(An)| , (4)

dTV(µ, ν) := sup
A∈B(Rd)

|µ(A)− ν(A)| , (5)

where PN ⊂ B(Rd) is the set of countable partitions of Rd. Prove the following assertions

1. Show that dTV(µ, ν) =
1
2 ∥µ− ν∥TV.

2. dTV(µ, ν) induces a metric over P(Rd).

3. P(Rd) is complete over this metric.

Solution: Consider (µn)n∈N a TV-Cauchy sequence. We define

λ : B(Rd) ∋ A → 1

2

∑
n∈N

2−nµn(A) .

Then µn ≪ λ for all n, and we denote fn = dµn

dλ . Then, fn ∈ L1 (λ). Furthermore, it is a Cauchy
sequence∫

|fn − fm|(x)λ(dx) =
∫

1fn≥fm(fn − fm)(x)λ(dx) +

∫
1fm≥fn(fm − fn)(x)λ(dx)

= µn({fn ≥ fm})− µm({fn ≥ fm}) + µm({fm ≥ fn})− µn({fm ≥ fn}) ≤ ∥µn − µm∥TV .

Thus, there exists f∞ ∈ L1 (λ) such that limn→0

∫
|fn − f∞|(x)λ(dx) = 0. It is easy to see that

µ∞ : B(Rd) ∋ A →
∫

1A (x) f∞(x)λ(dx)

is a probability measure. Since

∥µ∞ − µn∥TV ≤
∫

|f∞ − fn|(x)λ(dx) ,

then limn→∞ ∥µn − µ∞∥TV = 0.

4. Let (Ω,F ,P) be a probability space. For n ∈ N ∪ {∞}, let Xn : (Ω,F) → (R,B(R)).
If limn→∞ ∥L (Xn)− L (X∞)∥TV = 0 then limn→∞ Xn

w
= X∞.

5. Let F1 = {f ∈ L∞
(
Rd
)
| ∥f∥∞ ≤ 1}. Then

∥µ− ν∥TV = sup
f∈F1

|µf − νf | . (6)

Solution: Consider a measure λ that dominates both µ and ν. (For example, λ = (µ+ ν)/2). Then,
by the same reason as above,

|µ(A)− ν(A)| =
∫

1A(x)(1 dµ
dλ> dν

dλ
(x)− 1 dµ

dλ< dν
dλ
(x))

(
dµ

dλ
− dν

dλ

)
(x)λ(dx) .

But

(1 dµ
dλ> dν

dλ
(x)− 1 dµ

dλ< dν
dλ
(x))

(
dµ

dλ
− dν

dλ

)
(x) =

∣∣∣∣dµdλ − dν

dλ

∣∣∣∣ (x) ,
which shows that

|µ(A)− ν(A)| =
∫

1A (x)

∣∣∣∣dµdλ − dν

dλ

∣∣∣∣ (x)λ(dx) .
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Now note that if ∥f∥∞ ≤ 1,

|µf − νf | ≤
∫ ∣∣∣∣dµdλ − dν

dλ

∣∣∣∣ (x)λ(dx) = ∥µ− ν∥TV . (7)

6. It holds that

∥µ− ν∥TV ≤ inf
γ∈C(µ,ν)

∫
1y ̸=x(x,y)γ(dx,dy) . (8)

There is an actual equality in (8). The proof is done by a constructive argument and the interested reader can
look at [1, Theorem 19.1.6]

2 Kullback Leibler

We define

KL (µ∥ν) :=

{∫
log
(

dµ
dν

)
(x)µ(dx) ifµ ≪ ν ,

∞ .
(9)

Prove the following assertions

1. Prove that KL (µ∥ν) ≥ 0 and KL (µ∥ν) = 0 ⇐⇒ µ = ν.

Solution: We suppose that µ ≪ ν. Otherwise, there is nothing to prove. Consider the function
x → − log(x), which is strictly convex on R+. By Jensen’s inequality,

KL (µ∥ν) =
∫

log
dµ

dν
(x)µ(dx) =

∫
− log

1
dµ
dν (x)

µ(dx) ≥ − log

(∫
1

dµ
dν (x)

µ(dx)

)

= − log

(∫
1

dµ
dν (x)

µ(dx)

)
= − log

(∫
1

dµ
dν (x)

dµ

dν
(x)ν(dx)

)
= − log(1) = 0 .

Jensen inequality for strictly convex functions yield an egality if and only if dµ
dν (x) = c almost surely.

It is then easy to see that c = 1 and thus µ = ν.

1. If µ = N (m0,Σ0) and ν = N (m1,Σ1) then

KL (µ∥ν) = 1

2

(
log

(
|Σ1|
|Σ0|

)
+Tr

(
Σ−1

1 Σ0

)
− d+ (m1 −m0)

T
Σ−1

1 (m1 −m0)

)
.

Solution: Let Z ∼ N (0, I). Then,

KL (µ∥ν) = E
[
logN

(
m0 +Σ

1/2
0 Z;m0,Σ0

)]
− E

[
logN

(
m0 +Σ

1/2
0 Z;m1,Σ1

)]
.

But we have that

E
[
logN

(
m0 +Σ

1/2
0 Z;m0,Σ0

)]
= −1

2

(
E
[
ZTΣ

1/2
0 Σ−1

0 Σ
1/2
0 Z

]
+ d log(2π) + log detΣ0

)
= −1

2

(
E
[
ZTZ

]
+ d log(2π) + log detΣ0

)
.

But E
[
ZTZ

]
= E

[
Tr
(
ZTZ

)]
= E

[
Tr
(
ZZT

)]
= Tr

(
E
[
ZZT

])
= d.

Similarly,

E
[
logN

(
m0 +Σ

1/2
0 Z;m1,Σ1

)]
= −1

2

(
E
[
(m0 −m1 + ZΣ

1/2
0 )

T
Σ−1

1 (m0 −m1 + ZΣ
1/2
0 )

]
+d log(2π) + log detΣ1) .
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But,

E
[
(m0 −m1 + ZΣ

1/2
0 )

T
Σ−1

1 (m0 −m1 + ZΣ
1/2
0 )

]
= (m0 −m1)

T
Σ−1

1 (m0 −m1) + E
[
(ZΣ

1/2
0 )

T
Σ−1

1 (ZΣ
1/2
0 )

]
= (m0 −m1)

T
Σ−1

1 (m0 −m1) + Tr
(
Σ−1

1 Σ0

)
.

2. Let mµ =
∫
xµ(dx) and Σµ =

∫
xxTµ(dx)−mµmµ

T.

(mµ,Σµ) ∈ argmin
m,Σ

KL (µ∥N (m,Σ))

3. (Data processing inequality) if (µ, ν) ∈ P(Rd)2 and Q is a Markov Kernel, then

KL (µQ∥νQ) ≤ KL (µ∥ν) . (10)

(You can admit everything has a density with respect to the Lebesgue measure.)

4. Pinsker inequality:
2 dTV(µ, ν)

2 ≤ KL (µ∥ν) .

Tips: Use the data processing inequality with Markov Kernel Q(x,A) = δx (A) and the fact that 2(p−q)2 ≤
p log(p/q) + (1− p) log((1− p)/(1− q)).

3 Wasserstein distance

The Wasserstein distance is defined by

Wp
p (µ, ν) := inf

γ∈C(µ,ν)

∫
∥x− y∥pγ(dx,dy) , (11)

and Wp(µ, ν) =
(
Wp

p (µ, ν)
)1/p

. We will admit the following theorems

Theorem 3.1: Existence of optimal transport

There exists γ⋆ ∈ C(µ, ν) such that∫
∥x− y∥pγ⋆(dx,dy) = Wp

p (µ, ν) .

Theorem 3.2: The Gluing Lemma

Let µ, ν, ρ ∈ P(Rd)3, γµ,ν ∈ C(µ, ν) and γν,ρ ∈ C(ν, ρ). Then there is a law γ ∈ P(R3d) such that
π1:2d#γ = γµ,ν and π2d+1:3d#γ = γν,ρ.

Prove the following assertions:

1. Wp(µ, ν) is a metric.

2. p ≤ q ⇒ Wp(µ, ν) ≤ Wq(µ, ν)

3. W2
2 (N (m0,Σ0) ,N (m1,Σ1)) = ∥m0 −m1∥2 +W2

2 (N (0,Σ0) ,N (0,Σ1)).

Some other important theorems are the following

Theorem 3.3: Wasserstein metrizes weak convergence

The Wasserstein metric is complete. Furthermore, for p ≥ 1, for a sequence of random variables Xn :
(Ω,F) → (R,B(R)), n ∈ N ∪ {∞}, such that L (Xn) ∈ Pp(Rd) for all n, then

lim
n→∞

Xn
w
= X∞ ⇐⇒ Wp(L (Xn) ,L (X∞)) .
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Theorem 3.4: Wasserstein 1 duality

For (µ, ν) ∈ P1(Rd),
W1(µ, ν) = sup

∥f∥Lip=1

µf − νf . (12)

Theorem 3.5: Curse of dimensionality

Let µ = N (0,Σ) in Rd. Then, there exist some constant c such that for every n

inf
x1:n∈(Rd)n

W1(µ, µ̂[x1:n]) ≥
c

n1/d
. (13)

4 Projected / Sliced Wasserstein distances

Due to the curse of dimensionality, the Wasserstein is difficult to use in high dimensions. A solution is to project
in smaller dimensions 1 ≤ k < d

Wp,k(µ, ν) = sup
P∈Grk(d)

Wp(P#µ,P#ν) , (14)

where Grk (d) is the set of linear projections P into a linear subspace of Rd of dimension k.

1. Prove the following assertions

(a) Wp,1(µ, ν) is a metric.

(b) Let µ, ν ∈ Pp(Rd)2 and x1:n ∈ Rdn, y1:n ∈ Rdn. Show that

Wp,k(µ, ν) ≥ Wp,k(µ̂[x1:n], µ̂[y1:n])−Wp,k(µ, µ̂[y1:n])−Wp,1(µ̂[x1:n], ν) . (15)

2. Admit the following theorem, shown in [2]:

Theorem 4.1: Expectation of empirical projected Wasserstein

Suppose that µ ∈ P2p(Rd) for p ≥ 1 satisfies the projection Poincaré inequality [2, Definition 3.2].
Then for all n ≥ 1 and k ≤ p

E
[
Wp,k(µ, µ̂[X1:n])

]
≤ C0n

− 1
2p + C1n

− 1
max(2,p)

√
dk log(n) + C2n

− 1
p dk log(n) , (16)

where X1:n are i.i.d. according to µ.

Using this theorem, propose a way of estimating if two datasets follow the same distribution.

5 To go further

Total variation distance : The total variation distance is extremely useful in probability, namely in the
theory of Markov chains and Markov processes. It is a natural norm over the space of signed measures which
makes the latter a Banach space. A good introduction for such framework is given in [1, Appendix D]

Wasserstein distance : The proof of the existence of optimal transport is rather technique and rely on the
Prokorov compactness criteria. It can be found in [1, Theorem 20.1.1]. For the Gluing Lemma, it is a rather
standard result in probability and can be found on most textbooks. A good reference for the results used here
is [5, Chapter 6].

Projected / Slice Wasserstein : We followed mostly [4, 2] but we refer the interested reader to the discussion
on those papers concerning other available results. A good introduction to the subject is the introduction chapter
of [3].
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