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Notation

Let (€2, F,P) be a probability space and X : (Q,F) — (R%,B(RY)) and Y : (2, F) — (R™, B(R™)). We say
that a Markov kernel N : RY x B(R™) — R, is a conditional distribution of Y given X if

N(X,A) =E[15 (Y)|X] P — almost surely. (1)
We use the notation N = £ (Y |X).
Proposition 0.1. Suppose that for B € B(R*), £(X,Y)(B) = [15 (x,y) py‘x(y|x)u(dx)d where

PY|X RYx RY - Ry such that p <{X € Rd‘/py|x(y|x)dy = 1}) =1. (2)

Then
N:R? x B(RY) 5 (x,A) — /1A (¥) pyx (y[x)dy

is a conditional distribution (and the natural one) L (Y|X).

Proof. 1t is straightforward to check that it is a Markov Kernel. We will check for the conditional expectation
only.

We denote f(x) = [1a(y)pyx(y[x)dy. Note that it is enough (as we implicitly consider everywhere in the
course that we are in L?) that

E |(1a (Y) = f(X)f(X)| = 0. 3)
But
E [(1a (Y) = f(X) f(X)] = / (1a (v) — () f )y x (y/x)u(dx)dy (4)
- [([uw pY|x<y|x>dy) fooutax) — [ foPutax) <0, @)
fx)
Thus, f(X)=N(X,A) =E [14 (Y)|X]. O

Some observations are important:

e We can show that conditional distributions exist almost always (if the image space is nice enough) |1}
Theorem B.3.11].

1This simply means that the conditional admits a density with respect to the Lebesgue measure
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Noising Markov Kernels

We define for x € R? and A € B(R?), a € R and 3 € R,

2

Q(x,A) == /1A ()N (v;ax, 8° I)dy. (6)

. Give and upper bound on KL (uQHN (m, o? I)) Interpret what it means, at least for well chosen values

of a, B,m and o.

. Let n = N (0,I). Give a condition on o and 3 so that 7 is an invariant distribution for the Q, which means

that
nQ=n. (7)

Give an intuitive interpretation.

. What is the relation between the random variables

)(()f\-'/ut7 XlzaX0+BZ, ZNN(O,I), X0LZ7 (8)
and Q and p 7

. For n € N, give and expression for the distribution Q™ (x).

. Identify the cases where for every x,

Tim KL (Q"(x) |\ (0,1)) = 0. 9)

Do the speed of convergence depends on x ?

Bridge distribution on Gaussian Markov Chains

We consider now the following Markov Chain

XON,LL7 X1=X0+O'1Z1, )(2:}(1—|—(7'2Z27 Zl_U_ZQJ_LX(). (10)

1. What is £ (X;|Xg) fori =1,2 7

Solution: Let f be a continuous bounded function.
E [f(Xo,X1,X2)] = /f(xo,xo + 0120, X0 + 0220 + 021)N (z1;0, 1) N (20; 0, 1) p(dzg)dzodzy
= /f(xo,xl,xQ)./\/ (x15%0, 07 I) NV (x2; %1, 05 I) p(dxo)dxidxs .
The joint vector (X, X1, Xs2) admits a density (xo,x1,X2) — N(Xl;Xo,O’% I)N(xz;xl,ag I) with

respect to the product measure p ® Leb ® Leb, where Leb is the Lebesgue measure in R?.
Particularly, if we consider that p admits a density f, with respect to the Lebesgue measure, then
(X0, X1, X>) admits a density (xo,X1,%2) = fu(x0)N (x1;%0,07 1) N (x2; %1, 03 I) with respect to the
product measure Leb ® Leb ® Leb which is simply the Lebesgue measure in R3¢,
We can now directly calculate the conditional distributions using proposition

£(X[Xo) (x0:4) = [ 1a(x)N (10,0 1) e (1)

which is equivalent to say that £ (X;|Xg) (xo, ) = N (x0,0%1), or even that £ (X;|Xo) = N (Xo,071).
For X, simply note that [N (x1;x0,07 1) N (x2;%1,031) dx; = N (x2;%0, (03 + 07)I), thus

E[f(Xo,X2)] = /f(XO,XQ)N (Xl;xmof I)N(xQ;xl,Ug I) p(dxg)dxodxy
= /f(xo,XQ)N (x2;%0, (05 + 07) I) p(dxo)dxs . (12)

Thus, by proposition L(X3]|Xo) =N (Xo, (0] 4+ 03)1).
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2. What is ﬁ(Xl‘Xo,Xg) ?

Solution: We start by noting that

/f(Xo,XhXQ)N (x15%0, 07 I) NV (x2; %1, 05 I) p(dxo)dxidxs

N (x1:%0, 02 1) N (x9;%x1, 021
:/f(xo,xhxg) (./i[()(()g')i())(02(-i-20'2)11) 2 )J\/(Xg;xo,(ag—i—a%)l) p(dxg)dx;dxs
X0, (0] T 03
2 2

o3 +of oy + o1 03+ 07
We apply proposition with X = X; and Y = (Xg, X2). Thus,

2 .2

oy + 07 oy toi{ 053 +07

_ f(X N . 1— 0’% U% 0103 I N . 2 2 I
- 0,X1,X2) X1, X0 2 +X2 2 PRI 2 (X27X0a(02 +01) ):U/

(dXo)Xm ng .

i of 0103
E(X1|X0,X2)(X07X1,A):/lA(Xl)N X15;X0 1—ﬁ + Xo 2+ PR 2+ 21 Xm. (13)

3. Give an expression for (m, Y) € arg min KL (£ (X;|X2) (x2, )|V (m, X)) that depends only on the moments

of L (XO ‘Xg)
Solution: We know that m = E [X;|X5] and that ¥ = V [X;|X32]. By the total expectation formula
we have
E [X,|X | = E [E [X;[X2, Xo]|X | = E [Xo[X (1= ) i
= =X = =X = =X — X
1 2 2 1 2, 0 2 2 0 2 2 0_5 + O'% 20_% + %
(14)
By the total variation formula, we have that
Y=E [ [X1|X2, X0]|X2 = X2 + V [ [X1|X2, XO]|X2 = X2] (15)
2 2 o2
0193 o1
A (1 i) k= 1o
_ U%"% ( otos > XO\X2—X2] (17)
o5 + 01 +0?
4. In which case can we neglect the terms that depend on V [X|X3] ?
3 Generalizing and DDPM [2].
We now consider a generalized version of the previous exercise, where
Xo~p, Xpe=Xp1+0Zy, Zp 1l Z, 11l Xqg for k#£1, (18)
and k € N. We suppose for simplicity that E [Xo] =0 and V [X,] =1.
1. Calculate an upper bound for KL (£ (X)||A (0, (ko? 4+ 1)1)).
Solution: We consider the joint laws
p=L(X0,Xp) and v =pgu. @N(0,(ko® +1)I) . (19)

Then, by the data processing inequality,

N (Xi; Xo, ko
KL (£ (Xg)||V (0, (ko + 1) 1)) < KL (uljv) =E llog (N@S% }(:)UL 1?1))]

1 J ko? 1 ko? 1 E{”XOHQ}
0"\ ko2t T\ ko2 1) ) T TRz 1
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2. Suppose that you known for all & the functions E [Xo|X] and V [X(|X]. Can you propose a Markov chain
(Xk)9_j such that one might expect that

KL (c (Xk)H/: (ik)) ~0 (20)
for all k7

Solution: Again, we use the data processing inequality to show that

KL (ﬁ (Xk)HE <§k)> <KL (ﬁ (Xk|Xk+1)Hﬁ (§k|§k+1)) .

Furthermore, we know by the previous exercise that

k
my 1 (Xpt1) = (1 - > E [Xo|Xkt1 = Xpq1] +

1kt

E+1

k2 k
i1 (Xeg1) = (1 - k—i—l) V [Xo|[Xpt1 = Xpp1] + e 1021

is the minimizer of

arg min KL (,C (Xk|Xk+1 = Xk—i—l)”N (mk+1, Ek+1)) ~0
m,>

for every xi41. Thus, if we take as the kernel for the Markov Chain

Q(xpt1,7) =N (smppy (Xpg1), Brr1 (X 41))

and if KL (C (XkH)H[, (%qul)) ~ 0, we will keep having small errors. This is of course a bit "hand

wavy”.

3. Provide an upper bound on KL (E (XO)HE (&0))

Solution: We start by the data processing inequality.

K (e %o (50)) <t (e05 Xl (5 - 50)

K—1
XX X
_E [log ( Phjkr1 (Xe | Xpg1) ) i (Xg)

kl;[() N (Xpsmpy1 (Xg41)s B 1 (Xe+1)) ) N (0, (ko? +1)1)

=

-1

< 3 KL (L (X X) IV (41 (Xar): B (X)) + KL (£ (X | £ (X))
0

>
Il

It is now enough to upper bound KL (£ (X |Xg4+1) [N (mp11(Xkt1), Zet1(Xg+1))) as the other term
is already upper bounded by question 3.1.

To do so, we will use again the data processing inequality. Consider iy, , = £ (X, Xo|Xp11 = Xp41)
and vy, = N (Mg 1 (Xpt1), Bp1 (Xe11)) © L (Xo|Xi1 = Xpt1)-

Then,

Phlk+1,0(Xk|Xk + 1,X0)Pojk+1 (X[ Xk 11)
KL (fix 1 [[Vin) = [ log
N (M1 (K1), it 1 (Xet1)) Poper1 (Xo[Xng1)

Prefks1,0(Xk Xk + 1,%0)pojk+1 (X0 [Xk+1)dxodxs
where pyji41,0 is the density of £ (X3 Xy 41, Xo) and py)o the density of £ (Xo|Xy). Thus we have that
KL (fix,. 1. ||ka+1)

k k k
=E [KL (J\f ((1 - k—l-l) Xo + PR Raaet mgz I> HN(mkH(XkH),Ek+1(><k+1))> ’Xk+1 = Xk+1] .

The rest follows from the KL formula for two Gaussians.
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4. What if you know only E [X|X]? Provide an upper bound for KL ([Z (XO)HE (3_(0)) in this case.
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